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The Z2 topological order in Z2 spin liquid and in exactly solvable Kitaev toric code model is the
simplest topological order for 2+1D bosonic systems. More general 2+1D bosonic topologically or-
dered states can be constructed via exactly solvable string-net models. However, the most important
topologically ordered phases of matter are arguably the fermionic fractional quantum Hall states.
Topological phases of matter for fermion systems are strictly richer than their bosonic counterparts
because locality has different meanings for the two kinds of systems. In this paper, we describe
a simple fermionic version of the toric code model to illustrate many salient features of fermionic
exactly solvable models and fermionic topologically ordered states.
I. INTRODUCTION
Kitaev’s toric code model [1] and the string-net models
[2, 3] are exactly solvable lattice models that produce a
large class of topologically ordered phases of matter[4–
6] for boson/spin systems. But rigorously solvable lat-
tice models for fermion systems are much less developed
even though the most important topologically ordered
phases of matter are arguably the fractional quantum
Hall states[7] in two dimensional fermionic systems. On
the other hand, recent discovery on the possibility of Z2
spin liquid phase in interacting fermion systems, e.g.,
Hubbard model on honeycomb lattice[8], raises an impor-
tant question that whether such a Z2 spin liquid phase
has the same topological order as toric code model or
not.
In this paper, we introduce a fermionic version of the
toric code model to illustrate many salient features of rig-
orously solvable lattice models of topologically ordered
phases of matter for fermion systems. We show that
this simple fermionic model has the same topological
entanglement entropy and ground state degeneracies on
high-genus surfaces as the toric code model, nevertheless,
it is described by a different topological order, charac-
terized by its distinguishable braiding T and S matri-
ces for quasiparticles. This simple fermionic model can
be generalized to a large class of exactly solvable inter-
acting fermionic models that we have obtained in a re-
cent paper, which may lead to a classification of 2+1D
fermionic topological orders with gapped boundaries[9].
It is worthwhile to mention that systems with topological
flat bands and strong spin orbital coupling[10–12] could
be a natural place to search such kinds of new fermionic
topological orders.
Topological quantum field theories (TQFTs) are low
energy effective theories for topological phases of matter
for boson systems. Similarly, spin TQFTs [13] are low
energy effective theories for topological phases of matter
for fermion systems. The low energy effective TQFT for
the toric code model is the Chern-Simons theory[14, 15]
L = KIJ
4pi
λµνaIλ∂µaJν (1)
with K-matrix[16–22]
KTCIJ =
(
0 2
2 0
)
. (2)
By the fermionic toric code, we mean the topological
phase of matter whose low energy effective spin TQFT is
the Chern-Simons theory with K-matrix
KfTCIJ =
(
0 2
2 1
)
, (3)
or its dual
KfTCIJ =
(
0 2
2 3
)
. (4)
The above two K matrices can be regarded as the twisted
version of Eq. (2), and they have the same ground state
degeneracies on high-genus surfaces as the toric code
model due to |det[KTC ]| = |det[KfTC ]| = |det[KfTC ]|.
Nevertheless, since the diagonal elements of the above
two K matrices contain odd integers[19, 20], they can
not be realized in any local bosonic system and that is
why they are named as fermionic toric code.
The toric code model is a lattice realization of the
Z2 gauge theory [23–27]. This model can be defined
for any lattice Γ in any closed surface Σ. We denote
the set of sites (or vertices), links (or edges), and pla-
quettes (or faces) of Γ as V (Γ), E(Γ), and F (Γ), respec-
tively. The physical degrees of freedom are qubits living
on the links (or edges) of Γ, so the local Hilbert space
LΓ =
⊗
e∈E(Γ)C2 for the toric code is a tensor product
of C2 over all links of Γ. The Hamiltonian reads:
HTC = −
∑
v∈V (Γ)
1
2
(1 +
∏
i∈v
σzi )−
∑
p∈F (Γ)
1
2
(1 +
∏
i∈p
σxi ),
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2where
∏
i∈p σ
x
i is the product of the Pauli σ
x
i over all links
around a plaquette p, and is called the plaquette term.
Similarly,
∏
i∈v σ
z
i is the product of the Pauli σ
z
i over all
links around a vertex v, and is called the vertex term.
The ground state |ΨZ2〉 of HTC is exactly known since
all terms of H commute with each other. The string-
net language provides an intuitive way to understand the
ground state wavefunction: if we interpret the σz = 1 and
σz = −1 states on a single link as the absence or presence
of a string, respectively, the ground state on the sphere
S2 is a superpositions of all closed string states:
|ΨTC〉 =
∑
Xclosed
|X〉. (5)
If the ground state wavefunction Eq.(5) is put on a torus,
there are four different topological sectors, characterized
by the even/odd number of large strings wrapping around
the torus in both directions.
The Z2-electric charge e can be described as the ends
of a string. In general, elementary excitations in topo-
logical phases of matter are anyons, which are modeled
algebraically by a unitary modular category (UMC). The
UMC for the toric code is the Drinfeld double of Z2 or
SO(16)1, whose full data are well-known.
Now, a natural question is: Can we construct similar
rigorously solvable lattice Hamiltonian for K matrices
Eq.(3) and Eq.(4)? This will be the main focus of this
paper. The rest of the paper is organized as follows: In
Section II, we discuss the basic construction of the rigor-
ously solvable lattice Hamiltonian on honeycomb lattice.
In Section III, we describe the Z2-graded fusion rule and
fermionic associativity relations, and show that the rig-
orously solvable lattice Hamiltonian can be consistently
generated from these rules. In Section IV, we write down
the explicit form of the ground state wavefunction and
discuss ground state degeneracy on torus. In Section V,
we compute the braiding T and S matrices of the anyon
excitations of the rigorously solvable lattice Hamiltonian.
Finally, there is a short discussion for the general math-
ematic structure behind this model.
II. FERMIONIC LOCAL HILBERT SPACES
AND EXACTLY SOLVABLE LATTICE
HAMILTONIANS
A. Fermionic local Hilbert spaces
To define a femionic model on a lattice Γ in a general
surface Σ, we need several structures on Γ in Σ. One such
structure is a branching structure on a trivalent lattice Γ:
a choice of an arrow on each link of Γ so that around each
site (or vertex), the three arrows are never all-in or all-
out. Conceptually, a branching structure is amount to a
choice of a local coordinate system around each site. One
obvious branching is a global ordering of all vertices, and
then an arrow on any link goes from the smaller vertex
to the bigger one in this ordering. For the honeycomb
FIG. 1. The honeycomb lattice has a fixed branching struc-
ture (branching arrows from down to up). (a) A vertex term
is not just a product of σz surrounding the vertex, but also
contains a projector for the fermion number on the vertex,
which is determined by the so-called Z2-graded fusion rule.
A plaquette term only acts on the subspace of the projec-
tor Pp =
∏
v∈pQv, and in additional to the σ
x surrounding
the plaquette, a term Oˆ({σzb∈p}) consisting of a product of
fermion creation/annihilation operators is also needed. (b)
We map a spin-↑ state to the absence of a string and a spin-↓
state to the presence of a string. (c) To define the operator
Oˆ({σzb∈p}), we label the links of a plaquette by i, j, k, l,m, n
and the vertices of a plaquette by 1, 2, 3, 4, 5, 6. In Table.I,
we compute the explicit expression of Oˆ({σzb∈p}) using the
fermionic associativity relations.
lattice below, we choose the branching that all arrows
go upwards in the plane as shown in Fig.1. Another
additional structure on Γ in Σ is a lattice version of a
spin structure of an oriented surface. As usual, we will
encode the spins structures as boundary conditions here.
Each site of the lattice Γ can be either occupied or not
by a spinless fermion, so the fermion occupation number
Nf of a site v is either 0 or 1. Let |0V 〉 be the ground
state of no fermions on all sites. Then a generating set of
the Fock space is given by
∏
v∈I c
†
v|0V 〉, where I ⊂ V is
a subset of all sites V including the empty set. The full
local Hilbert space for our model is
LfTCΓ =
⊕
I⊂V
(
∏
v∈I
c†v|0V 〉
⊗
(⊗e∈E(Γ)C2)).
As a vector space, the fermionic Hilbert space is the same
as the tensor product
⊗
v∈V (Γ) C2⊗
⊗
e∈E(Γ)C2. But the
Fock space structure over the sites means that a local
Hamiltonian for a fermion system is non-local when re-
garded as one for a boson system.
B. Exactly solvable lattice Hamiltonians
Similar to the toric code model, the lattice Hamilto-
nian for the fermionic toric code is expressed as a sum of
commuting projectors on the honeycomb lattice Γ with
3σzi , σ
z
j , σ
z
k, σ
z
l , σ
z
m, σ
z
n Oˆ(σ
z
i , σ
z
j , σ
z
k, σ
z
l , σ
z
m, σ
z
n) σ
z
i , σ
z
j , σ
z
k, σ
z
l , σ
z
m, σ
z
n Oˆ(σ
z
i , σ
z
j , σ
z
k, σ
z
l , σ
z
m, σ
z
n)
111111 ±ic†6c†3
-111111 c†3c1 1-11111 c
†
6c
†
3c
†
2c
†
1
11-1111 c†6c2 111-111 c
†
6c4
1111-11 −c†6c†5c†4c†3 11111-1 −c5c†3
-1-11111 c†3c
†
2 1-1-1111 c
†
6c
†
1
11-1-111 −c†6c4c3c2 111-1-11 −c†6c†5
1111-1-1 c†4c
†
3 -11111-1 c6c5c
†
3c1
-11-1111 ∓ic2c1 1-11-111 ∓ic†6c4c†2c†1
11-11-11 ±ic†6c†5c†4c2 111-11-1 ±ic5c4
-1111-11 ±ic†5c†4c†3c1 1-1111-1 ±ic5c†3c†2c†1
-111-111 ∓ic4c1 1-111-11 ±ic†6c†5c†4c†3c†2c†1
11-111-1 ±ic5c2
111-1-1-1 1 11-1-1-11 c†6c
†
5c3c2
1-1-1-111 −c†6c4c3c†1
-11-1-111 ±ic4c3c2c1 1-11-1-11 ±ic†6c†5c†2c†1
11-11-1-1 ∓ic†4c2 -111-11-1 ∓ic6c5c4c1
-1-111-11 ±ic†5c†4c†3c†2 1-1-111-1 ±ic5c†1
1-11-11-1 c†5c
†
4c2c1
TABLE I. The 32 independent nonzero cases of Oˆ({σzb∈p}). The ± sign corresponds to the theory KfTC/KfTC .
a fixed branching structure, as seen in Fig 1, and thus
exactly solvable:
HfTC = −
∑
v∈V (Γ)
Qv −
∑
p∈E(Γ)
Qp. (6)
Both the vertex term Qv and the plaquette term Qp are
projectors defined by:
Qv =
1
2
(
1 +
∏
i∈v
σzi
){
1− [c†vcv −Nf ({σza∈v})]2} (7)
and
Qp =
1
2
1 + Oˆ({σzb∈p})∏
i∈p
σxi
Pp. (8)
Similar to the toric code model, here we also map the
spin-↑ or spin-↓ state to the absence or presence of a
string. The projector Qv is the same as the closed string
constraint for toric code, except that fermions are dec-
orated onto the closed string according to the fermion
occupation number function Nf ({σza∈v}) = 0 or 1, and
such a decoration is consistently assigned by the so-called
Z2-graded fusion rule below. The term Pp =
∏
v∈pQv is
also a projector, and Oˆ({σzb∈p}) consists of a product
of fermion creation/annihilation operators and a phase
factor, which can be computed from the fermionic asso-
ciativity relations below. We note that the product of
fermion creation/annihilation operators is to make sure
that the initial and final closed string configurations are
all decorated by fermions in a consistent way.
Since Qp is a Hermitian operator, it is easy to see that
Oˆ†({σzb∈p}) = Oˆ({−σzb∈p}). In Table.I, we list the 32
independent cases of Oˆ({σzb∈p}), and the other 32 cases
follow from Oˆ†({σzb∈p}) = Oˆ({−σzb∈p}). In Fig.2, we plot
the first three terms in Table.I, where we use solid/dot
lines to represent presence/absence of strings and black
dots to present the occupation of fermions.
It is not hard to check that all Qv commute with them-
selves and all Qp. The self-consistency of the fermionic
associativity relations below will imply that all the Qp
also commute with themselves. Once we set up our the-
ory, this follows from the fact that the actions of QpQp′
and Qp′Qp on any closed loop configuration lead to the
same final configuration. In the following, we explain how
to construct the Z2-graded fusion rule and the fermionic
associativity relations.
III. Z2-GRADED FUSION RULES AND
FERMIONIC ASSOCIATIVITY RELATIONS
A. Fusion rules and associativity relations – the
algebraic approach to topological states
To illustrate the basic idea of how to construct the
above exactly solvable lattice models and compute their
basic topological properties, e.g., ground state degener-
acy on torus, braiding statistics of quasi-particle excita-
tions, we begin with an algebraic way of constructing the
toric code model. The key idea is to introduce the fu-
sion rules and associativity relations for its ground state
wavefunction(a fixed point wavefunction from the renor-
4FIG. 2. Examples of the Qp operator acts on closed string
configurations for a hexagon. (a), (b) and (c) correspond to
the first three terms in table I. We use solid/dot lines to rep-
resent presence/absence of strings and black dots to represent
the occupation of fermions
malization group point of view). Indeed, the toric code
model on a trivalent lattice is the same as the string-
net model with the Z2 unitary fusion category (UFC)
as input. Without loss of generality, for any string-
net model on a trivalent lattice, we can use a function
Nijk = Njki = Nkij = 0, 1[2, 3] to characterize the fusion
rule, and use Nijk = 1 to represent admissible configura-
tions in the ground state wavefunction of the string-net
model, where i, j, k label string types and i, j, k = 0 la-
bels the string vacuum. The Z2 fusion rule is defined
by N110 = N101 = N011 = N000 = 1(Here i, j, k = 0, 1
corresponds to absence and presence of a Z2 string) and
Nijk = 0 otherwise, as seen in Fig.3.
FIG. 3. The fusion rules for the toric code model. Here we use
solid/dot lines to represent presence/absence of (Z2) strings.
Physically, the associativity relations are local rules
that allow us to compute the amplitudes of admissi-
ble configurations for the ground state wave functions.
Fig.4(a) illustrates the only nontrivial associativity re-
lation for the toric code model.(Other associativity rela-
tions just trivially change the shape or length of a string.)
In terms of UMC language, the associativity relations
FIG. 4. (Color online)(a) The only nontrivial associativity
relation. (b) An example of pentagon equation that issues
the self-consistency of the associativity relations for toric code
model.
are called as the 6j symbols, which are inputs of the un-
derlying Z2 UFC and satisfy the well-known Pentagon
equations.
Let us explain a little bit more about the physical
meaning of the Pentagon equations. As seen in Fig.4(b),
we assume that the initial(reference) and final configura-
tions only differ in a local region. Starting from the ini-
tial(reference) configuration whose amplitude is known
in the ground state wavefunction, we can compute the
amplitude of the final configuration by applying the as-
sociativity relations. However, we have two different
paths(upper and lower paths) to do so, and the Pentagon
equations issue that the amplitude of the final configura-
tion is independent on particular choice of paths.
Furthermore, the consistent associativity relations will
also allow us to construct an exactly solvable Hamilto-
nian consisting of commuting projectors with a constant
energy gap and finite ground state degeneracy on the
torus. Apparently, the vertex terms in HTC come from
the Z2 fusion rule and commute with each other, and the
plaquette terms in HTC can be computed from associa-
tivity relations, which only act within the closed string
subspace. The self-consistency of associativity relations
implies that plaquette terms commute with each other
as well. In the following, we will generalize these basic
concepts into interacting fermion systems and discuss the
simplest example – fermionic toric code.
B. Z2-graded fusion rules
Our input for the fermionic toric code will be a Z2-
graded version of the Z2 UFC. As in the toric code case,
the input category has two particle types denoted as 0, 1
with the only non-trivial fusion rule 1 ⊗ 1 = 0. The fu-
sion space for a fermionic category is a Z2-graded Hilbert
space. Therefore, the fusion coefficient Nkij is a sum of
5Nk,bij and N
k,f
ij for the dimensions of the even and odd
parts of the Z2-graded Hilbert space. The branching
structure removes the cyclic symmetry in the indices of
Nijk. As shown in Fig.5 (a), a branching structure is
induced by a local direction. We use a new notation Nkij
with lower indices representing incoming arrows and up-
per indices representing outgoing arrows. So we have:
Nkij = N
k,b
ij +N
k,f
ij (9)
with Nk,bij , N
k,f
ij = 0 or 1. Here we also assume N
k,b
ij =
N ij,bk and N
k,f
ij = N
ij,f
k . For a fermion parity odd fusion
channel, a fermion will be present at the corresponding
vertex and we use a solid dot to represent the fermion.
To construct the fermionic toric code model, we assign
N0,b00 = N
1,b
01 = N
1,b
10 = 1, N
0,f
11 = 1, as shown in Fig.5 (b),
and all the others Nk,bij = N
k,f
ij = 0. The reason why the
above graded structure for Nkij works is the following. We
note that N0,b00 = 1 represents the vacuum configuration,
thus it is always admissible, and with an even fermion
parity for any local theory. N1,b01 = N
1,b
10 = 1 is due to
the fact that the above fusion rules only make the length
of strings longer or shorter, and as a topological theory,
the fermion parity of a wavefunction should not depend
on its length. Finally, N0,f11 = 1 is possible since the
string reverses its branching arrow when it goes through
the vertex.
FIG. 5. (Color online) (a) The branched fusion. The yellow
arrow indicates the local direction that induces a branching
structure for the links connecting to a vertex. (b) The Z2
fusion rules with a graded structure. The solid dot represents
a fermion.
Therefore, in the fermionic toric code, each fusion coef-
ficient Nkij is either fermion parity even or odd with only
one fermion parity odd fusion space N0,f11 = 1. The corre-
sponding fermion number function Nf (σzi , σ
z
j , σ
z
k) reads:
Nf (1, 1, 0) = 1; Nf (σzi , σ
z
j , σ
z
k) = 0 otherwise (10)
C. Fermionic associativity relations and fermionic
pentagon equations
The Hamiltonian and wave functions in our models de-
pend on the 6j symbols of the input category, which are
the solutions to the fermionic pentagon equations below.
The fermionic pentagon equations guarantee mathemat-
ically the consistency of fermionic associativity relations
in fusing anyons.
FIG. 6. All possible fermionic associativity relations with a
fixed choice of a branching structure (branching arrows from
up to down). Only the first associativity relation is nontrivial,
and all the others only change the shape/length of a string
or the position of a fermion. Associativity relations with dif-
ferent branching structures can be computed from the above
basic relations and the bending moves.
FIG. 7. (color online) One of the fermionic pentagon equa-
tions that the fermionic associativity relations need to satisfy.
In Fig.6, we list all the possible fermionic associativ-
ity relations with the fixed branching structure (branch-
ing arrows from up to down). We note that only the
first associativity relation is nontrivial and all the others
only change the shape/length of a string or position of a
fermion, and will not change the amplitudes of admissible
configurations in the fixed point wavefunction.
Now we discuss our key technical result in this paper:
the fermionic pentagon equations that the fermionic asso-
ciativity relations must satisfy. The fermionic pentagon
equations also have a graded structure due to the fermion
sign. Such a Z2-graded structure allows us to construct
new topological phases that can not be realized in any
bosonic system. In Fig.12 in the supplemental materials,
we list all the nontrivial fermionic pentagon relations that
the fermionic associativity relations must satisfy. How-
ever, only the one of these relations in Fig.7 or Fig.12 (a)
gives rise to a constraint on the numerical value of α.
As shown in Fig.7, for the fermionic toric code model,
we can compute the amplitude of an admissible configu-
6FIG. 8. (color online)(a) The left/right handed bending
moves. (b) By applying the bending moves in the upper path
and lower path, we have β = −β′. (c) Fermionic associativity
relations with different branching structure can be computed
through bending moves. (d) The “loop weight” can be com-
puted by using associativity relations.
ration by applying the fermionic associativity relations.
However, we can choose different paths and they must
give rise to the same result. If we choose the upper path,
we have |final〉 = c†1c2c†4c1|initial〉 = −c†4c2|initial〉. Here
|final〉 and |initial〉 are admissible configurations of the
fixed point wavefunction that only differ in a local re-
gion (the configurations in the outside region that does
not appear in Fig.7 are the same). On the other hand,
the lower path implies |final〉 = (αc†4c3)(αc†3c2)|initial〉 =
α2c†4c2|initial〉. As a result, we obtain α = ±i. We note
that the emergence of such a nontrivial minus sign here is
because that the two different paths differ with a fermion
loop.
D. Bending moves
However, there are additional complications due to the
branching structure here, as for a fixed point wavefunc-
tion, we should be able to define it on trivalent lattices
with arbitrary branching structures.
Indeed, by using some special associativity relations
— the bending moves, we can generate all the branched
FIG. 9. (color online)An example of evaluating the operator
Oˆ({σzb∈p}) for a given initial decorated closed string configu-
ration.
associativity relations in a self-consistent and systematic
way. The bending moves will allow us to change the
branching arrow of a string locally. There are two dif-
ferent bending moves, and we call them left and right
hand bending moves, as seen in Fig.8 (a). We note that
the left/right bending move will change the branching
arrow clockwise/anti-clockwise by 90 degrees. On the
other hand, by comparing the two different associativity
relations in Fig.8 (b) from upper path and lower path,
we conclude that β′ = −β, and for a unitary theory, we
further have |β| = 1. The actual value of β can be chosen
freely, since we can redefine β as β˜ = e−2iθβ by applying
gauge transformations for all the fermion creation oper-
ators, c˜† = eiθc†. Meanwhile, it is important that under
such a gauge transformation, α remains unchanged. Let
us choose β = 1 throughout the whole paper for conve-
nience.
The bending moves can help us to compute associa-
tivity relations with different branching structures. For
example, in Fig.8(c), the nontrivial associativity rela-
tion has a branching structure with two incoming and
two outgoing arrows(different from the case in Fig.6 (a)
with three incoming and one outgoing arrows). We have
|final〉 = −αc†2c4c†1c3c†3c†4|initial〉 = αc†2c†1|initial〉. In
Fig.8(d), by applying the result of Fig.8(c), we have
|final〉 = −α−1c3c4c†3c†1c†2c†4|initial〉 = α−1c†1c†2|initial〉,
which implies that the “loop weight” is α−1c†1c
†
2. Now
we can compute all the fermionic associativity relations
with arbitrary branching structures.
E. Constructing exactly solvable Hamiltonians
To this end, we are able to explain how to construct
exactly solvable Hamiltonian Eq.(6). Apparently, the
projectors Qv trivially follow from the Z2-graded fusion
rules, and the low energy subspace is consisting of closed
strings decorated by femions on those vertices where
branching arrows get reversed. The projectors QP that
act within the decorated closed strings subspace(hence
all QP commute with all Qv) can be evaluated from the
fermionic associativity relations with a fixed branching
arrow introduced in Fig.6 as well as the bending moves
introduced in Fig.8(a).
For example, for the term in Fig.2 (a), the opera-
tor Oˆ(1, 1, 1, 1, 1, 1) is nothing but the ”loop weight”
that have been computed in Fig.8(d). We note that
7according to Fig.8(d), the ”loop weight” in Fig.2 (a)
should be α−1c†3c
†
6 = −α−1c†6c†3 = ±ic†6c†3. In Fig.2
(b), the operator Oˆ(−1, 1, 1, 1, 1, 1) just trivially changes
the length(shapes) of a string and moves the decorated
fermion to a new vertex where the string reverses its
branching arrow. Therefore, it is just c†3c1 without any
additional phase factor. In Fig.9, we show how to eval-
uate the operator Oˆ({σzb∈p}) in Fig.2 (c), where we first
apply two steps of bending moves, and then apply a
trivial fermonic associativity relation which just changes
the length of a string. The bending moves give rise to
Oˆ(1,−1, 1, 1, 1, 1) = (c†6c†1)(−c†2c†3) = c†6c†3c†2c†1.
All the listed Oˆ({σzb∈p}) terms with different initial
spin configurations in Table.I can be evaluated in similar
ways, and the fermionic Pentagon equations will guaran-
tee that all the QP operators commute with each other.
IV. GROUND STATE WAVE FUNCTIONS AND
DEGENERACY ON TORUS
Using the fermionic associativity relations, we obtain
the ground state wavefunction for the fermionic toric
code model on the sphere as follows:
|ΨfTC〉 =
∑
Xclosed
σ(X)αn(X)
∏
v∈X
(c†v)
Nf ({σza∈v})|X〉,
(11)
where
∏
v∈X (c
†
v)
Nf ({σza∈v}) creates fermions on the ver-
tices along the string X according to the fusion rule
(a fermion is created on vertex v if the corresponding
Nf ({σza∈v}) = 1). σ(X) = ±1 is a sign factor deter-
mined by the associativity relations and the ordering of
the fermion operators on X, and Fig.8 (d) implies that
each closed loop contributes a factor α = ±i for the
ground state wavefunction.
The fermionic toric code model also has four-fold
ground state degeneracy on a torus, labeled by the
even/odd number of global strings wrapping around in
both directions. Such a result is consistent with the
Chern-Simons TQFT with K-matrix KfTCIJ and K
fTC
IJ
since |det[KfTCIJ ]| = |det[KfTCIJ ]| = 4.
Nevertheless, the most important property of the the-
ory, is the braiding statistic of its quasiparticle excita-
tions, which makes it different from the toric code model.
It is not a surprise that the fermionic toric code model
also has four different types of topological quasiparticles
due to its four fold degeneracy on torus. In the following,
we will compute the self-braiding T matrix and mutual-
braiding S matrix for these quasiparticles.
V. ALGEBRAIC MODEL OF ANYONS
Algebraic models for anyons in fermion systems are
more complicated because braidings of anyons are not
FIG. 10. (color online) By applying the Dehn twist and mak-
ing use of the fermionic associativity relations, we are able to
compute the T -matrix for the fermionic toric code model.
well-defined due to the −1 ambiguity resulted from at-
taching a fermion to each anyon. One solution is to go
to a covering modular category—a spin modular category
[28]. Physical, the covering spin modular category can be
realized by gauging the fermion parity, that is, couple a
Z2(associated with fermion parity conservation) dynam-
ical gauge field to a fermion system. For the fermionic
toric code, we can choose the double of Z4 modular cat-
egory as the cover theory. If we label the 4 anyons as
{0, 1, 2, 3}, we can choose ψe = 0× 2 as the fermion. As
is known, the Hilbert space for the torus T 2 associated to
the covering TQFT then decomposes into a direct sum
indexed by the different spin structures. The degeneracy
on the torus associated to the double of Z4 is 16-fold.
The 4 spin structures of the torus can be understood as
the 4 boundary conditions for the two cycles of the torus:
AP,PA,AA and PP , where P is for periodic and A for
anti-periodic. The direct summand for each spin struc-
ture is 4, which gives rise to another method to find the
degeneracy on the torus. In principle, we need to choose a
boundary condition in order for HfTC to be well-defined.
But our choice of the branching structure imposes the PP
boundary condition on the torus. For the PP boundary
condition, both S, T matrices are well-defined.
The most important data for a UMC are the modu-
8lar S matrix and the T matrix of topological spins. We
can compute them in three ways: from the K-matrix for-
malism, the covering spin modular theory, and directly
performing the pi2 -rotation and Dehn twist on the torus.
From theK-matrix formalism, the 4 anyons are labeled
by vectors v0 = (0, 0), v1 = (
1
2 , 0), v2 = (
1
4 ,
1
2 ) and v3 =
(− 14 , 12 ). Using the formulas sij = e2pii<vi|K|vj> and θi =
epii<vi|K|vi>, we obtain the S and T matrices:
S =
1
2

1 1 1 1
1 1 −1 −1
1 −1 −i i
1 −1 i −i
 (12)
and
(eiθ) = (1, 1, ei
3pi
4 , ei
7pi
4 ). (13)
The same result can be obtained from the covering spin
modular theory.
Now we directly compute them from our lattice model.
To compute the T matrix for the fermionic toric code
model, we first construct the four degenerate ground
states (labeled by |00〉, |01〉, |10〉 and |11〉, representing
even/odd number of global strings along both directions)
on a torus. As shown in Fig.10, the inner square and the
outer square are identified to form a torus. Then we
apply the Dehn twist[9, 29] and the associativity rela-
tion to compute the induced unitary transformation. We
note that in a fixed point model, it is sufficient to study
the degenerate states on a torus which only contains two
sites with a fixed branching structure. By definition, the
unitary transformation induced by the Denh twist is the
T matrix that we are looking for. As shown in Fig.10,
the states |00〉 and |01〉 remain unchanged, while |10〉
transforms to |11〉 and |11〉 transforms to −α−1|10〉(since
α−1c1c2|A〉 = α−1c1c2c†1c†2|10〉 = −α−1|10〉). In general,
the numerical values of T matrices are gauge dependent,
but due to the special gauge choice above, these values
here and below are fixed.
Similarly, by applying the pi2 -rotation[29], we are able
to derive the S matrix, as shown in Fig.11. However,
there is a tricky issue in Fig.10 (b). We note that the mi-
nus sign on the left side is crucial since when we rotate
two fermions by pi2 , a pi/4 phase factor will be induced for
each fermion (the topological spin for a fermion is pi) and
a pi/2 phase will be induced from the fermion exchange
statistics. As a result, a total phase pi which corresponds
to the minus sign on the left side must be taken into
account. In conclusion, Fig.10 and Fig.11 imply the fol-
lowing T and S matrices:
T =

1 0 0 0
0 1 0 0
0 0 0 1
0 0 −α−1 0
 ; (14)
FIG. 11. (color online) By applying the 90-degree rotation
and making use of the associativity relations, we are able to
compute the S-matrix for the fermionic toric code model.
and
S =

1 0 0 0
0 0 −c†1c†2 0
0 −c2c1 0 0
0 0 0 −α−1
 (15)
Interestingly, some of the elements in the S matrix con-
tain fermion creation/annihilation operators due to the
different fermion parity that |01〉 and |10〉 have. To fix
this problem, we can represent T and S matrices in the
larger Hilbert space with |00〉,−c2c1|01〉, |10〉 and |11〉 as
a basis. We finally obtain:
T =

1 0 0 0
0 1 0 0
0 0 0 1
0 0 −α−1 0
 ; (16)
and
S =

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −α−1
 (17)
9After we diagonalize the T -matrix and take the numerical
value of α = ±i, we obtain the statistic angle of the four
type quasiparticles:
(eiθ) = (1, 1, ei
pi
4 , ei
5pi
4 ) or (1, 1, ei
3pi
4 , ei
7pi
4 ) (18)
and in such a new basis which diagonalizes the T -matrix,
we have:
S =
1
2

1 1 1 1
1 1 −1 −1
1 −1 i −i
1 −1 −i i
 or 12

1 1 1 1
1 1 −1 −1
1 −1 −i i
1 −1 i −i

(19)
Even though only ei2θ is well defined for a fermion sys-
tem [5, 20, 27], the above results for α = −i are consis-
tent with the eiθ and the S matrix described by KfToric
above. The value α = i corresponds to KfTCIJ .
VI. CONCLUSIONS
In conclusion, we have constructed an exactly solvable
lattice model to realize a topologically ordered phase that
cannot be realized in a local boson/spin system.
From physical point of view, the local density matrices
of interacting fermion systems always have a block diag-
onalized structure consisting of fermion parity even and
odd sectors, that’s why we need to introduce a Z2-graded
structure for the fusion rules to enrich the low energy sub-
space on vertices[3, 9](in general, the fermion can be put
on links as well[9], however, the basic constructions pro-
posed in this paper will not change), and the correspond-
ing local associativity relations that describe transition
amplitudes between two admissible configurations differ-
ing locally in a fixed point ground state wavefunction are
also enriched over such a Z2-graded structure. There-
fore, the consistent conditions for associativity relations
can be defined in the enlarged Hilbert space with mix-
ing of different fermion parities, which typically supports
new solutions when a fermion loop is evolved in consis-
tent conditions(this is a unique feature for fermion sys-
tems where fermions are viewed as identity particles). In
the quantum information language, topological order in
interacting fermion systems can be classified by inequiv-
alent classes under fermionic finite depth local unitary
transformations, and the Z2-graded structure emerges
naturally from the fermionic generalization of support
space for a fixed point wavefunction[9].
From mathematical point of view, the key ingredient
is to use Grassman number valued 6j symbols to solve
the pentagon equations. These 6j symbols allow us to
write down the fermionic fixed point wavefunction and
compute the topological data for the theory. This general
method to construct exactly solvable lattice models for
topologically ordered phases for fermion systems will be
presented in Ref [9].
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Appendix A: The Fermionic Pentagon Equations
In Fig.12, we list all the nontrivial Pentagon relations that the fermionic associativity relations must satisfy.
FIG. 12. The only five nontrivial fermionic pentagon equations that involve the nontrivial associativity relation in Fig.6 (a),
and only the first relation (a) gives rise to a constraint on the numerical values of α. The other cases which only change the
shape/length of a string or the position of a fermion automatically satisfy the Pentagon equations.
